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E{T#E) Translation
U(A’)=U(A)+AU and U(B')=U(A)+S+AU Lyp = J (UBH —U@))’ + (VB -v@))’ =s
V(A )=V(A)+AV and V(B')=V(A)+S+AV

No change along other edges either — no strain
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S
— —sin(45° - 0)

AU=2
2 2

AV > (45° - 0) >
= —cos —0) —=
V2 2

[E#5:ES) Rotation

U(A)=U(A)+AU and U(B)= U(A)+S+AV Ly = J(U(B') —U@))’ +(vB) v =s
V(A)=V(A }-AV and V(B')=V(A)+S+AU

No change along other edges either — no strain
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perpendicular to A axis
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FEBEUVTH Normal strain HABOTH Shear strain
(dx+d )/cosb,—dx  dU . . du dv du dv
= ~ —if 6, is small — tan~1 Y [ [P bk
xx ax ax 1 v = tan <dy T dV) *tan <dx T dU> dy " dx
o av
Likewise Eyy & —— If angle is small and dy>>dVand dx>>dU
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« INET, AKUT Ay AEANOOENELEEL, CNETFTAMOT &L,
Up until now, we defined shear strain y,, as the change in angle. This is known as ENGINEERING shear strain.

« LAl ARBRICE> T, TAOT ATV VIVDT de, TR LD H D,
However, in some applications shear strain may be represented using TENSOR strain, ¢,,

1 (dU dV) _ Yay

Epny = = or in generic form ¢ =1 @+&
Xy 2\dy @ dx 2 9 y

E dxj dx;

- ZOERXIZ, BBOT A (F5DFE) ICHEBERATES LD IERAINTWLS,

The form is used so that it can also be applied to normal strain (i.e., i=j) OTFHRTFYIL
1/dU; dU; dU; Strain tensor
fu = E(dxi * dxl-> B dx; Exx  Exy
[gij I= lgyx gyy]
* Vi = Z—Zj + Z—Z TEHABUT & - engineering shear strain

AU\ — N . :
Eij = %(du‘ + —’) TV ILVEARUT # - tensor shear strain

dx]- dxl-
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Normal strains

e
xx_dx
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zZ ~ 4,

Shear strains

Vy = Vyx =
Vxz = Vzx =
Vyz = Vzy =

_au

ay
du

dz
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aw
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or Exy = & x=l(d—u+ﬂ) VI HRTY/ N
y y 2\dy = dx Strain tensor
1(dU | dw
or Exz = Ezx = 3 (E + 5) Exx Exy Exz
1(dv | dw [gij] =|%vx Sy &z
or Syz = ezy = E (E + d_y) EZX gzy gZZ
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adu

C’

6p
Lac-Lac > Lgp-Lgp A O T A L EE A5
. . ok VAN AR N
EEATHT DL, BEOTHD O HBBNELD DS
BAOTADNKELL L BAO8EEDLH B There exists an orientation where there is no

: : : shear strain
If using a different coordinate system, the normal

and shear strains will change 09 A DFEEH - Principal axis of strain
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EiEZSHE - Coordinate Transformation

JTTDT AT E L7780y 7
Original shape Deformed shape

Full block

Y
Cut at angle 0 /{‘ bsin(0)

peos(®) “—Beos(0)(1+5,,)
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ARILTEIE - Law of cosines:

(A'BH? = (A'CH? + (B'CH? —2(A'C(B'CHcos(AA'C'B")
* Assuming that € and y are extremely small:
7-[ .
cos <§ + yxy> = —Sln(]/xy) X —Vxy
and

2 ~ 02 ~ o2 ~ 2 ~ ~ ~ ~ ~
€ (9) N Exx ® gyy ~ ny ~ gxxgyy -~ gxxyxy -~ Syyyxy -~ gxxgyy]/xy ~ 0

Substituting into law of cosine equation:
(b(1 + £(8)))? ~ (bcos(8)(1+&xx) )? + (bsin(8)(1+¢,,) )2 — 2(bcos(8)(1+exx ) (bsin(0)(1+&,,)) (—Vxy)

yy)

A’; bcos(6)(1+e,,)
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EiEZEE - Coordinate Transformation

Expanding equation and dividing both sides by b?:
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1+ 2e(0) 4 £7(0) = cos®(0) (142, +c7,) + sin®(0)(142¢y,,+55,) + 2c05(0)SIN(0) (Vy+ e Viey ¥y Viey F e Eyy Viey)

Setting blue terms to be approximately zero and expanding further
1+ 2e(8) = cos?(0) + sin®(0)+2c0s*(0)eyy + 2sin®(0)e,y + 2c05(0)sin(6)yyy

Recalling that 1 = cos?(8)+sin?(6)
£(0) = cos?(0)ey, + sin?*(0)e,, + cos(0)sin(0)y,,

Considering strain 8= 45° (sin(45°)=cos(45°)=1/+/2):

1
€45 = C0S?(45%) ¢, + sin?(45%)¢,,;, + cos(45°)sin(45°)y,, = > (exx + &yy + Vay)

Vxy = 2845 — (Sxx + gyy)

COBRIZ. xBAMICHTS20TAHAZERTHHRICLETEES

This relationship is true when considering strains relative to the x-axis
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Trigonometric functions:

cos?(0) = —1+COZS(29) sin?(0) = —1_C025(29) cos(8)sin(0) = singze)
* Substituting into strain equation:
£(0) = cos?(0)exy + sin®(0)ey,y, + cos(0)sin(0)yyy
1+ cos(26) 1 —cos(26) sin(20)
g(9) = 5 xx 2 Eyy Tyxy
* Rearranging and setting €(8) = €', , y
A
Exxt Eyy  Exy— E % Y
g, =——2 4 T _Weos(20) + ZZsin(20) ®
2 2 2 \ ,
\ X
\\ ,,,'
’
* Rearranging so that terms without so that terms without sin(20) and cos(26) are on left: \\ //
Exx T € Exx — E Vay . AN .
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EiEZ R - Coordinate Transformation

* Consider an angle at 45° anticlockwise of x":

Eex T € £
e(0 + 45°) = = z Yy 22 > ¥ cos(2(0 + 45°)) + == ny sin(2(6 + 45°))
= > > ¥ sin(26) + 2 Y cos(26)

* Recall the relationship that yy, = 2,5 — (exx + eyy) [Slide 13]. This must be true for any axis x’.

Vay = 26(60 +45°) — (&5 + &)

=2 (Exx:'gyy — exxjyy sin(20) + == ny cos(20) ) — (er + 83’,)

* Simplifying, we get:

Yy —(&xx — gyy)
2 2

sin(20) + % cos(20)
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* From slides 13 and 14:

+ a—
g},cx _ Sxxzfyy — exeSyy COS(ZQ) + Yy ny Sln(ZB)

Note that the V2 term is retained so that

ny (Sxx 5yy)
2 2 sin(26) +2 005(29) right side of equation has similar forms

2

* Squaring equations and summing together:

2 N 2
<£,’Cx —@) + (V;_y) = (%COS(ZQ) + == > sm(ZB)) ( ( Exe — Eyy) sin(20) + > cos(29)>

* Expanding and simplifying becomes:

2 )
o) () () o
xx 2 2 2 2
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This is in the form of an equation of a circle:

2 2 e
o Exx T &yy N @ B (sxx — gyy)Z .\ (yx_y)z A
x 2 2 2 2

0 —_
(X = A2 + (Y — /)‘2 = R2 a(l+e,) >+ Vxy
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Principal strains (i.e., where y’,, = y’,, = 0):

2 2 2 2
_ Exxtéyy Exx—Eyy Yxy _ Exxtéyy Exx—Eyy Yxy _ Yxy
Emajor = 2 + 2 + ES Emino — > — > + ES tan(zep) =

Exx—Eyy

Maximum shear strain:

tan(26,) = %

We will revisit transformation of strains in
future classes

OFTHADEHIZDONT, SHBOIFETHER
D EFBFETH S
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%) E£0U T H - Principal Strain

For the following strains, determine the principal strains and angle
to principal axis:

£x=+1604 (+160X 10°), ,,=-480y, 75, =-600

Yy

Principal strains:

_ axx“’ayy_l_ Exx—E&yy 2 Yxy 2
£major,minor - 2 s 2 + ==

Angle to principal axis:
tan(26,) = —Yxy

Exx—Eyy

500

400

300

]
o
(=]

-
Q
(=]

(=]

-100

Shear Strain/2 (u

-200

-300

-400

-500
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(160, 300)

(-480, -300)

-600 -500 -400 -300 -200 -100 O

Normal Strain (u)

100 200 300

20



Institute of

ﬁlj) HEEjCﬂ'/vli‘ﬁU—é_& . SCIENCE TOKYO
Maximum shear strain

For the following strains, determine the principal strains and angle 500
to principal axis:

400

£=+1604 (+160X 10), ,,=-480y, 75,=-600 00 (160, 300)

N
o
(=]

Maximum shear strain:

Exx _'gyy)2 (ka)z
Vxy,max \/ 2 + 2

-
Q
(=]

-100

Shear Strain/2 (u)

-200

-300

(-480, -300)

-400

-500
-600 -500 -400 -300 -200 -100 O 100 200 300

Normal Strain (u)
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